Solving a long-standing open question of Zamfirescu, we will show that typical convex surfaces contain points of infinite curvature in all tangent directions. To prove this, we use an easy curvature definition imitating the idea of Alexandrov spaces of bounded curvature, and show continuity properties for this notion.
bounded above, for example, do not form a stable class with respect to Gromov-Hausdorff Topology. Section 4 and 5 will then conclude with the proof of the central theorem of this paper. Further, any topological space X which enjoys the property of theorem 1.1 is called a "Baire space". The complement of a set of first Baire category in a Baire space is called "residual".
Preliminaries
We say that "typical" elements of a Baire space have property P if those elements not enjoying P form a set of first category. We will from now on consider the Euclidean space R d of some dimension d > 1. It is known that the set B of convex bodies (compact convex subsets of our Euclidean space with nonempty interior) together with the Pompeiu-Hausdorff Metric d P H forms a Baire space.
Furthermore, it is known that the set of strictly convex bodies B • (that is, convex bodies whose boundary contains no straight line segment) and the set of convex bodies with smooth boundary (that is, convex bodies whose boundaries are at least C 1 ) lie residually in B. This is important, because obviously: Lemma 1.2. Let X be any Baire space, and X ′ a residual subset of X. Then X ′ with the induced topology from X is a Baire space. If X ′′ is any residual set in X ′ , it is also a residual subset of X. Now let us recall what is meant by curvature (see [2] ): Take a convex body K with smooth boundary bd(K), and take a point x in bd(K), ν the inward normal to bd(K) in x and τ some tangential vector to bd(K) in x. Now let Q be the set of nonnegative linear combinations of the form x + λν + µτ , and let z = x be a random point in bd(K) ∩ Q. Define the radius r z of the circle containing x and z and which has center somewhere in {x + λν|λ ≥ 0}. We define the "lower" (resp. "upper") "curvature radius" in direction τ :
and the "lower" (resp. "upper") "curvature" in direction τ
If the values coincide, we say the curvature "exists in direction τ ", and denote it by κ τ (x). We are interested in the curvature in all directions at once, thus we define the "lower" (resp. "upper")
"curvature"
and say the curvature exists in x iff κ i (x) = κ s (x). In classical differential geometry, this curvature exists at "umbilical" points only. But for our present purpose, this notion is suitable.
The smoothness properties of convex bodies have been thoroughly studied by Klee, Gruber and
Zamfirescu. An initial theorem was proved by Klee ([5] ), and later reproved by Gruber ( On the other hand, Gruber found out that
This also follows from corollary 1. 
Curvature and Cones
In absence of smoothness, a cone can be used in an elementary fashion as an estimate the tangential cone of a surface. Without explaining how to do this, we will continue and use this idea for the issue of curvature. Alas, cones themselves are not suited for this matter. With a little adjustment, however, we will easily find more suitable sets for our needs.
Let S ε (x), ε > 0 be the set of all points in our Euclidean space R d with Euclidean distance ε from x ∈ R d . Let τ be unit vector, let µ be the intrinsic metric of S ε (x − ετ ) (in the special case of the unit sphere S 1 = S 1 (0) we will always use the angular metric). Additionally, let δ be some number
We call the above set a "hat". We say a subset M of Euclidean Space has hat C τ (x, ε, δ) iff there is a point x ∈ M and a unit vector τ so that M ⊂ C τ (x, ε, δ). This provides an incredibly easy way to estimate large curvature: Lemma 2.1. Let K ∈ B be a convex body which has hat C τ (x, ε, δ). Then κ i (x) ≥ Note that the values which determine the hats are vital for this discussion. Thus we call x the "tip", τ the "direction", ε the "radius" and δ the "angle" of the hat.
The following theorem will show that the property of having a certain hat shows some continuity properties. 
In the latter inequality, || • || denotes the Euclidean norm.
Proof. This theorem was stated in a slightly more special form in [1] . Unfortunately, the form stated there misses our needs by just an inch. Let φ := ∆ 1−cos ∆π 3
. We will show that B(K, φ),
which denotes the open ball (in the Pompeiu-Hausdorff metric) around K of radius φ, has some of the desired properties. Let K ′ ∈ B(K, φ) be arbitrary, and set x + = x + ∆τ . Define
Let us suppose that
Now obviously α 0 : x ′ − α 0 τ ∈ K ′ , and this implies
On the other hand, let x ′′ be the point in K ′ nearest to x, and let α ′ be the smallest real number
Putting these together we get
which in turn is equivalent to (cos ∆π) 2 − 3 cos ∆π + 2 ≤ 0.
But since ∆ < δ < 1 2 , this inequality cannot be right. Thus
proper adjustment of ∆ gives the final inequality.
We will now turn to some fairly easy lemmas, which we will state without proof.
Some lemmata
First, suppose K is some strictly convex body, and τ is some unit vector. Let x τ be the unique point in which K has inward normal τ , and let ε > 0, δ ∈ (0, 1 2 ) be some real numbers. Of course, C τ (x τ , ε, δ) needn't be a hat of K, but for some α ≥ 0, K ⊂ C τ (x τ , ε, δ) − ατ . Let α 0 be the smallest such number. We define a function, the "curvature indicator":
We write K ε,δ (K, τ ) instead of K(ε, δ, K, τ ) if we want to indicate that ε and δ are constant parameters, likewise we will write K ε,δ,K (τ ), if K is to be constant, too.
Lemma 3.1. The curvature indicator fulfills the following properties:
We now assert a simple geometrical lemma. Let ε i , δ i , i ∈ I be real numbers, agreeing with the definition of hats. Also, for the rest of the section define x to be some point in Euclidean space, and τ some unit vector.
We set C τ (x, (ε i ), (δ i )) I := i∈I C τ (x, ε i , δ i ). Now we formulate a simple lemma. • i)
Lemma 3.2. Consider a finite set I of natural numbers (a set of indices). Let (ε i ),(ε
• ii) Let U be some open neighborhood of x. Then bd(C τ (x, (ε 
Indicators and infinite curvature
We will define in this section the "indicators" used to verify infinite curvature, and state a lemma that will imply the main theorem. The proofs are largely postponed to the next section.
Let (a n ), for the rest of this paper, be an arbitrary strictly monotonic decreasing sequence. For some set of indices I and some natural number n define I(n) to be the nth element of the canonically ordered set I. If no such element exists, that is, if I has less than n elements, we set I(n) = ∞. Now, for some convex body K and the sequence (a n ), we define a special kind of index set, the "maximal indicator". As the name suggests, this indicator will give us a reasonable estimate how large something (here: the curvature) gets. The first element of this index set, I K,(an) (1), will be the smallest natural number i such that there exist a unit vector τ and a boundary point x of K such that C τ (x, 1 i , a i ) forms a hat for K. Now, suppose we have found out the first m elements of I K,(an) . We then define I K,(an) (m + 1) as the smallest natural number j > I K,(an) (m) such that there exist a unit vector τ ′ and a boundary
is a hat of K. Note that these hats have their tip and direction in common. Now, we call the cardinality of the set I K,(an) the order of curvature of K. Since (a n ) is fixed for our needs, we write this order as a function of K:
Obviously, curvature and order of curvature seldom coincide. However, the order provides an effective way to estimate curvature. To show why this is so, consider a strictly convex body K which has infinite order of curvature:
Since the curvature indicator is continuous (lemma 3.1), the sets
are closed nonempty subsets of the compact unit sphere S 1 for every m ∈ I K,(an) . By construction, the intersection of any finite number of these sets is nonempty.
The classic Heine-Borel Theorem now implies that any infinite intersection of these sets is nonempty, in particular, the intersection over all indices in the maximal indicator of K. We have proved the following: We conclude this section with an observation. Let us define the following total order:
Let K be a strictly convex body. In this order I K,(an) is the smallest index set I for which there is a unit vector τ and a boundary point x of K such that for all m in I, C τ (x, 1 i , a i ) is a hat for K.
Final Steps
Now, the following theorem seems reasonable:
As we have seen above in lemma 4.1, this immediately implies theorem 0.1. Thus, we need to prove lemma 5.1, which in turn needs a lemma. • 1. Let K ∈ B be given so that there exist x ∈ bd(K) and a unit vector τ so that for all
is a hat of K.
Then there exists an open neighborhood of K so that for all K
′ in this neighborhood there exist x ′ ∈ bd(K ′ ) and a unit vector τ ′ so that all
are hats of K.
• 2. Let K ∈ B • be a strictly convex body, so that for each unit vector τ and each x ∈ bd(K)
there is an i ∈ [n], so that
is no hat of K. 
is no hat of K.
Proof. Part 1. Let K be as in the description of the lemma. Justified by lemma 3.2, we can find a φ > 0 so that K + B(0, φ) has Euclidean distance at least φ from
and all points x ′ with ||x − x ′ || < η
By theorem 2.2, there is a φ ′ > 0 so that all K ′ with Pompeiu-Hausdorff distance less than φ to
With this choice of τ ′ and x ′ , we assert that not only C τ ′ (x ′ , ε n + η, δ n − η) is a hat, but also
Also, for any
holds. But this implies
and thus for every
Part 2. Let K be as in the assumptions of the second part of the lemma. This means, by lemma
Continuity of K (lemma 3.2) and compactness of S 1 imply that there is a φ > 0 such that for all
which in turn, using lemma 3.2, implies the desired property.
Proof of Lemma 5.1. We restrict ourselves to strictly convex bodies, as justified by the transitivity of categories lemma 1. Using lemma 5.2, Part 2. we find that there is a φ > 0 so that for all K ′ in B(K, φ), the following holds with respect to the order of indices defined above:
I K,(an) I K ′ ,(an) .
Now take θ to be some real number between 0 and min(Φ,φ) 2
, and define x θ := x + τ θ and K θ := convK ∪ {x θ }. Obviously, there is a f ∈ (0, 1) so that for all i ∈ I K,(an) ,
is a hat on K θ , and let j > I K,(an) (m) be the smallest natural number so that
is a hat on K θ . Now choose, justified by lemma 5.2, Part 1., a φ ′ > 0 so that for all
there exists a x ′ ∈ bd(K) and a unit vector τ ′ so that all 
